In this paper, we establish some new recurrence relations for the single and product moments of progressively Type-II right censored order statistics from the Erlangtruncated exponential distribution. These relations generalize those established by Aggarwala and Balakrishnan (1996) for standard exponential distribution. These recurrence relations enable computation of mean, variances and covariances of all progressively Type-II right censored order statistics for all sample sizes in a simple and efficient manner. Further an algorithm is discussed which enable us to compute all the means, variances and covariances of Erlang-truncated exponential progressive Type-II right censored order statistics for all sample sizes n and all censoring schemes (R 1 , R 2 ,..., R m ), m < n. By using these relations, we tabulate the means and variances of progressively Type-II right censored order statistics of the Erlangtruncated exponential distribution.
Introduction
Practitioners and statisticians are often faced with incomplete or censored data. In life testing, censored samples are present whenever the experimenter does not observe the failure times of all units placed on the life test. This may happen intentionally or unintentionally and may be caused, e.g. by time constraints on the test duration like in Type-I censoring, by requirements on the minimum number of observed failures, or by the structure of a technical system. Naturally, the probabilistic structure of the resulting incomplete data depends heavily on the censoring mechanism and so suitable inferential procedures become necessary. Progressive censoring can be described as a censoring method where units under test are removed from the life test at some prefixed or random inspection times. It allows for both failure and time censoring. Many modifications of the standard model have been developed, but the basic idea can be easily described by progressive Type-II censoring, which can also be considered as the most popular model. Under this scheme of censoring, from a total of n units placed simultaneously on a life test, only m are completely observed until failure. Then, given a censoring plan (R 1 , R 2 , · · · , R m ): i) At the time x 1,m:n of the first failure, R 1 of the n − 1 surviving units are randomly withdrawn (or censored) from the life-testing experiment. ii) At the time x 2,m:n of the next failure, R 2 of the n − 2 − R 1 surviving units are censored, and so on. iii) Finally, at the time x m,m:n of the mth failure, all the remaining R m = n − m − R 1 − R 2 − · · · − R m−1 surviving units are censored.
Note that censoring takes place here progressively in m stages. Clearly, this scheme includes the complete sample situation and the conventional Type-II right censoring scenario as special cases. The ordered failure times X (R 1 ,R 2 ,··· ,R m ) 1,m:n ≤ X (R 1 ,R 2 ,··· ,R m ) 2,m:n ≤ · · · ≤ X (R 1 ,R 2 ,··· ,R m ) m,m:n arising from such a progressively Type-II right censored sample are called progressively Type-II censored order statistics. These are natural generalizations of the usual order statistics that were studied quite extensively during the past century. For more details one can refer to Balakrishnan and Cramer (2014) . The following notations are used throughout this paper. In progressive censoring, the following notations are used:
(i) n, m, R 1 , R 2 ....R m are all integers.
(ii) m is the sample size (which may be random in some models).
(iii) n is the total number of units in the experiment.
(iv) R j is the number of (effectively employed) removals at the j − th censoring time.
(v) (R 1 , R 2 , · · · , R m ) denotes the censoring scheme.
Recurrence relations for single and product moments for any continuous distribution can be used to compute all means, variances and covariance of such a distribution. Several authors obtained the recurrence relation for progressively type-II right censored order statistics for different distributions such as Cohin (1963 ), Mann [ (1971 , Thomas and Wilson (1972) , Arnold (1992) , Balakrishnan et al. (2012) , Nikulin and Haghighi (2006) , Haghighi (2011), Joshi (1978) , Balakrishnan and Malik (1986) , Arnold et al. (1992) , Viveros and Balakrishnan (1994) , Balakrishnan and Sandhu (1995) , Aggarwala and Balakrishnan (1996) , Balakrishnan and Aggarwala (1998), Balakrishnan and Sultan (1998), Abd El-Baset and Mohammed (2003) , David and Nagaraja (2003) , Fernandez (2004) , Balakrishnan et al. (2004) , Sultan et al. (2006) , Mahmoud et al. (2006) , Balakrishnan (2007) , Bal-akrishnan et al. (2011), Balakrishnan and Saleh (2013) . The moments of order statistics have been recursively derived, see Salah et al. (2008) , Kumar and Sanku (2017) and , for a complete sample.
If the failure times are based on an absolutely continuous distribution function F(x) with probability density function f (x), the joint probability density function of the progressively censored failure times X 1:m:n , X 2:m:n , · · · , X m:m:n , is given by [see Balakrishnan and Aggarwala (2000) .
where f (x) and F(x) are respectively the pdf and the cdf of the random sample and
The exponential distribution is the simplest distribution in terms of expression and analytical tractability. It is also widely used in reliability engineering. There is no doubt that the wide applicability of the exponential distribution even in inappropriate scenarios is motivated by its simplicity. However, the exponential distribution has a major problem of constant failure/hazard rate property, which makes it inappropriate for modelling data-sets from various complex life phenomena that may exhibit increasing, decreasing or bathtub hazard rate characteristics. El-Alosey (2007) proposed a two parameter Erlang-truncated exponential distribution. The probability density function (pdf) is given by
and the corresponding cumulative density function (cdf) is
Now in the view of (3) and (4), we have
where β is the shape parameter and λ is the scale parameter. It is important to note that the Erlang-truncated exponential distribution has a constant hazard rate function. The standard exponential distribution is the special case of Erlang-truncated distribution for β (1 − e −λ ) = 1. We shall use the (5) in the following sections to derive some recurrence relations for single and product moments of proressively Type-II right censored order statistics arising from Erlang-truncated exponential distributions.
The inability of the Erlang-truncated exponential distribution to adequately model a variety of complex real data-sets, particularly lifetime ones, has stirred huge concern amongst distribution users and researchers alike and has summoned enormous research attention over the last two decades. Khan et al. (2010) obtained the recurrence relations for single and product moments of generalized order statistics of this distribution. Kulshrestha et al. (2013) obtained the marginal and joint moment generating functions of generalized order statistics and Kumar (2014) obtained the explicit expression for generalized order statistics.
Let X 1 , X 2 , · · · , X n be a random sample from the Erlang-truncated exponential distribution with pdf and cdf given in (3) and (4) respectively. The corresponding progressive Type-II right censored order statistics with censoring scheme (R 1 , R 2 , · · · R m ), m ≤ n will be
The single moments of the progressive Type-II right censored order statistics from the Erlang-truncated exponential distribution can be written as follows:
where f (.) and F(.) are given respectively in (3), (4), and A(n, m − 1) as defined in (2). When k = 1, the superscript in the notation of the mean of the progressive Type-II right censored order statistics may be omitted without any confusion.
The outline of this note is as follows. Recurrence relations for single moments of progressive Type-II right censored order statistics from Erlang-truncated exponential distribution are given in section 2. Section 3 describes the recurrence relations for product moments of progressive Type-II right censored order statistics from Erlang-truncated exponential distribution. The recurrence algorithm is carried out in section 4 for Erlang-truncated exponential distribution. Further computations of means and variances from Erlang-truncated exponential progressive Type-II right censored order statistics for some sample sizes n and some censoring schemes (R 1 , R 2 ,..., R m ), m < n are tabulated in section 5.
Single moments of progressivley Type-II censored order statistics
In this section, we establish several new recurrence relations satisfied by the single moments of progressive Type-II right censored order statistics from the Erlangtruncated exponential distribution. These recurrence relations may be used to compute the means, variances and covariances of Erlang-truncated exponential progressive Type-II right censored order statistics for all sample sizes n and all censoring schemes
Proof: From equations (5) and (6), we have
where
Using (5) in (9), we get
Integrating (10) by parts, we get after simplification
Substituting the value of L(x 2 ) from (11) in (8) and using (6), we simply have
rearranging the above equation gives the result in (7). Theorem 2.2: For m = 1, n = 1, 2, · · · and k ≥ 0,
Proof: Theorem 2.2 may be proved by following exactly the same steps as those used in proving Theorem 2.1, which is presented above. Remark 1. We may use the fact that the first progressive Type-II right censored order statistics is the same as the first usual order statistic from a sample of size n, regardless of the censoring scheme employed. Theorem 2.3:
Proof: Theorem 2.3 may be proved by following exactly the same steps as those used in proving Theorem 2.1, which is presented above. Theorem 2.4: For 2 ≤ m ≤ n, and k ≥ 0,
Proof: Theorem 2.4 may be proved by following exactly the same steps as those used in proving Theorem 2.1, which is presented above. Remark 2. Using these recurrence relations, we can obtain all the single moments of all progressive Type-II right censored order statistics for all sample sizes and censoring schemes (R 1 , R 2 , · · · , R m ) in a sample recursive manner. The recursive algorithm will be described in detail in section 4. Corollary 2.1: For β (1 − e −λ ) = 1 in (7), we get the recurrence relation for single moments of progressively Type-II consored order statistics from the standard exponential distribution.
as obtained by Aggarwala and Balakrishnan [2] . Corollary 2.2: For β (1 − e −λ ) = 1 in (12), we get
as obtained by Aggarwala and Balakrishnan [2] . Corollary 2.3: For β (1 − e −λ ) = 1 in (13), we get
i:m−1:n
as obtained by Aggarwala and Balakrishnan [2] . Corollary 2.4: For β (1 − e −λ ) = 1 in (14), we get
as obtained by Aggarwala and Balakrishnan [2] . Deductions: For the special case R 1 = R 2 = · · · = R m = 0 so that m = n in which the progressive censored order statistics become the usual order statistics X 1:n , X 2:n , · · · , X n:n , then
(ii) From Eq. (13): For k ≥ 0,we get
Product moments of progressivley Type-II censored order statistics
In this section, we establish some recurrence relations for product moments of the progressive Type-II right censored order statistics from the Erlang-truncated exponential distribution. The (r, s) th product moment of the progressive type-II right censored order statistics can be written as
where f (.) and F(.) are given respectively in (3) and (4) and A(n, m − 1) is defined in (2). Theorem 3.1: For 1 ≤ i < j ≤ m − 1 and m ≤ n,
Proof: Using (5) and (6), we have
Integrating the innermost integral by parts, we obtain
x j+1
x j−1
which, when substituted into equation (23) and using (21), we have
Upon rearrangement of this equation, we obtain the relation in (22). Theorem 3.2: For 1 ≤ i ≤ m − 1 and m ≤ n,
Proof: The theorem 3.2 may be proved by following exactly the same steps as those used earlier in proving Theorem 3.1. Remark 3. Using these recurrence relations, we can obtain all the product moments of progressive Type-II right censored order statistics for all sample sizes and censoring schemes (R 1 , R 1 , · · · , R m ). The detailed recursive algorithm will be described in section 4.
Corollary 3.1: For β (1 − e −λ ) = 1 in (22), we get the recurrence relation for product moments of progressively Type-II consored order statistics from the standard exponential distribution.
as obtained by Aggarwala and Balakrishnan [2] . Corollary 3.2: For β (1 − e −λ ) = 1 in (24), we get 
Illustration of the recursive computational algorithm
In this section, we describe the recursive computational algorithm that will produce all the means, variances and covariances of all progressively Type-II right censored order statistics for all sample sizes n and all choices of m and (R 1 , R 2 , · · · R m ) from the Erlang-truncated exponential distribution.
Single moments
All the frist and second order moments with m = 1 for all sample sizes n can be obtained by setting k = 0 in equation (12) and then again setting k = 1 in the same equation. Next using equation (7), we can determine all the moments of the form µ
1,2:n , n = 2, 3 · · · ,which can in turn be used again with (7), to determine all moments of the form µ (R 1 ,R 2 ) 2 1,2:n , n = 2, 3 · · · . (14) can then be used to obtain µ (R 1 ,R 2 ) 2,2:n for all R 1 , R 2 and n ≥ 2 and these values can be used to obtain all moments of the form µ (R 1 ,R 2 ) 2 1,2:n by using equation (14) again. (7) can now be used again to obtain
1,3:n for all n, R 1 , R 2 and R 3 and equation (13) This process can be continued until all desired first and second order moments and hence all variances are obtained.
Product moments
From (24), all moments of the form form µ (R 1 ,R 2 ,··· ,R m ) m−1,m:m:n , m = 2, 3, · · · , n, can be determined, since only single moments, which have already been obtained, are needed to calculate them. Then, using (22), all moments of the form µ (R 1 ,R 2 ,··· ,R m ) i−1,i:m:n , 2 ≤ i < m, can be obtained. From this point, using (24), we can obtain all moments of the form µ
m−2,m:m:n , m = 3, 4, · · · , n, and subsequently, using (22), all the moments of the form µ (R 1 ,R 2 ,··· ,R m ) i−2,i:m:n , 3 ≤ i < m. Continuing this way, all the desired product moments and hence all covariances can be obtained.
Numerical results
The recurrence relations obtained in the preceding sections allow us to evaluate the means"variances and covairances of Erlang-truncated exponential progressive Type-II right censored order statistics for all sample sizes n and all censoring schemes (R 1 , R 2 ,..., R m ), m < n. These quantities can be used for various inferential purposes; for example, they are useful in determining BLUEs of location/scale parameters and BLUPs of censored failure times. In this section we compute the means and variances of Erlang-truncated exponential progressive Type-II right censored order statistics for sample sizes up to 20 and for different choices of m and progressive schemes (R 1 , R 2 ,..., R m ), m < n. In Table 1 -2, we have computed the values of means of the progressive Type-II right censored order statistics for λ = 2, 3, β = 3, 5 and different values of m and n. One can see that the means are increasing with respect to m and n but decreasing with respect to β and λ . In Table 3 -4, we have computed the variances of the progressive Type-II right censored order statistics for λ = 2, 3, β = 3, 5 and different values of m and n. We can see that variances are decreasing with respect to m, n and β , λ . Tables for the skewness, kurtosis, product moments and covariances of the progressive Type-II right censored order statistics are not presented here but are available from the author on request. All computations here were performed using Mathematica. Mathematica like other algebraic manipulation packages allows for arbitrary precision, so the accuracy of the given values is not an issue. 
Concluding remarks
In this paper, we have established several recurrence relations for the single and product moments of progressively Type-II right censored order statistics from the Erlan-truncated exponential distribution. These relations produce in a simple systmatic manner all the means, variances and covariances of progressively Type-II right censored order statistics for all sample sizes and all progressive censoring schemes. we have computed the means and variances of Erlang-truncated exponential progressive Type-II right censored order statistics for sample sizes up to 20 and for different choices of m and progressive schemes (R 1 , R 2 ,..., R m ), m < n.
